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Abstract
Suspensions systems with an articulated flexible two-beam structure is presented
to simulate ground-based validation testing for flexible space structures. A suspension
system based on a concatenation of two four-bar parallelogram linkages to simulate a
zero-gravity environment for the flexible space structures on the ground, has been
developed. Three dynamic models are presented: a flexible two-beam structure in space, a
suspension system model without static deflections of flexible two-beam on the ground, as
well as suspension system model with static deflection of a flexible two-beam on the
ground. Non-linear dynamic equations of motion for these three systems are derived by
using Lagrange's equation of motion. Simple Linear Quadratic Regulator (LQR) feed
back controller is called for to control slewing of each of these three structural system
models. Numerical simulations of the slewing control on the vertical plane for three
structure systems are presented to determine the feasibility of this type of suspension
system for ground-based validation testing for flexible space structures.
1
Chapter 1
Introduction
Space structures are inherently flexible because~ir light weight and that
makes them vibrate in response to various external excitations. Also the slewing of
flexible space structures for various mission objectives can also cause undesirable
vibrations. This has resulted in the need to maneuver and control flexible structures.
However, to validate flexible space structures, simulations have to be verified
USing ground-based testing. Hence, a suspension system is needed to simulate a
zero-gravity environment on the ground for the dynamic testing of flexible space
structures. Accuracy of ground-based validation testing is mainly influenced by the design
of the suspension system to simulate a zero-gravity environment for the vibrational
behavior of flexible space structures. It is the purpose of this thesis to investigate the
suitability of one such suspension system.
1.1 Objectives, motivations and scope
The objective of this research is to simulate the space environment through the use
of a suspension system for ground-based validation testing of flexible space structures.
Two suspension system models are presented. The first suspension system model do not
include static deflections of flexible two-beam due to gravity, and the second suspension
system model includes the static deflections of flexible two-beam due to gravity.
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In space, bound~lry conditions for the llexible structJlres arc free-free and such a
-/
condition is nut readily replicable on the ground testing because of the gravity. So to
perform ground-based testing for such flexible space structures, a specially designed
suspension system is needed to support flexible space structures on the ground to simulate
zero-gravity space environment. The suspension system must be designed to minimize the
constraint forces which affect the boundary conditions imposed on the flexible space
structures. Several approaches and suspension devices [1-8] have been used or proposed to
suspend flexible space structures to simulate space environment on the ground-based
testing.
This thesis is divided into two parts. In Chapter 2, a flexible two-beam structure in
the absence of gravity, is presented. In this model, a suspension system is not needed.
Dynamic equations of motion for this system are derived. Dynamic equations of motion
are then incorporated with actuator dynamic equations along with output measurement
equations to constitute a closed-loop control system. Simulation results are presented in
the last section of this chapter.
In Chapter 3, suspension systems are introduced for two flexible-beam schemes.
The first suspension system model do not include static deflections of the flexible beams
due to gravity, while a second suspension system model includes static deflections of the
flexible beams due to gravity. Dynamic equations of motions for these two suspension
system models are derived along with actuator dynamics and output measurements to
result in a closed-loop control system similar to that to be discussed in Chapter 2.
3
Simulation results are presented at the end or each section ~ll1d the results are then
compared to the simulation results of flexible two-beam system in the absence of gravity.
1.2 Background
As structural mass decreases and operation speed increases, rigid boc!y analysis
. will not provide accurate prediction of structural vibrational behavior. Dynamics and
control of flexible manipulators and flexible space structures have been investigated at
great length [9-20]. For simplicity and robustness, regulator control laws has generally
been used to drive the robotic actuator [13-16,18-20] for space applications. Three types
of linear feedback control schemes are considered; joint angle and velocity feedhack with
and without joint feedback, and feedback of flexible state variables (FFC) [21]. Linear
Quadratic Regulator (LQR) and Local Velocity Feedback (LVF) vibration control desig,l
methods are compared during slewing maneuvers [22].
Several approaches and suspension devices [1-8] have been previously been
proposed for ground-based testing of flexible space structures to simulate their behavior
in a zero-gravity space environment. Suspension system based on a four-bar
parallelogram linkages have previously been investigated [8] with rigid body dynamics
approach. In the next chapter, the simulation on the slewing control of a flexible
two-beam structure in space, will be presented.
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Chapter 2
SIMULATIONS ON SLEWING CONTROL OF A FLEXIBLE
TrWO-BEAM STRUCTURE IN SPACE
The purpose of simulations on the slewing control of a flexible two-beam structure
in space is to investigate the slewing maneuvers of such a structural system under
feedback control.
In this chapter, a description of the articulated flexible two-beam system and the
dynamic equations of the system are presented. Motor dynamics equation and output
measurement equations are also included so as to incorporate structural dynamics and
actliator dynamics into a closed-loop feedback control system. The numerical simulation
results of this slewing maneuver will be demonstrated in the last section of this chapter.
2.1 Concept of Flexible Two-Beam Structure
A flexible two-beam system, shown in Fig. 2.1 consists of two uniform flexible
beams connected by a revolute joint. The slewing motions are operated on the vertical
plane with the y-axis of the coordinate system being aligned to the gravity vector. The
beams are assumed to be flexible only in a direction transverse to their axes in the plane of
5
X2
Beam #2
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Fig. 2.1 : Flexible Two-Beams Structure in Space
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motion. The first beam is driven directly by a DC motor, while the second beam is
actuated by another DC motor through a tendon. To avoid com~lexity, it is assumed that
the joint radii are zero i.e., 'there is no offset from the root of the beam to the center of the
motor amature driving it.
The two flexible beams may be modeled as cantilever beams of length I along the
x-axis. These beams are assumed to be initially straight and to satisfy the assumptions of
Euler-Bernoulli beam theory. Only transverse beam vibrations are allowed during the
slewing motion. In Fig. 2.1, the X-Y coordinate is the global coordinate system which is
fixed onto the vertical plane. The Xl-Yl coordinate represents the local coordinate system
that is attached to the first beam and the 'lS-Y2 coordinate represents the local coordinate
system that is attached to the second beam. Deflections of the beams, Yl and Y2' are
defined by sets of modes iJf1 and iJf2 and their corresponding modal coordinates ql and q2 ,
respectively. The angle 81 is the root angle of the first beam, and is the angle measured
form the X-axis to Xl -axis, and the angle 82is the root angle of the second beam measured
relative to the local coordinate system X1-YI'
2.2 System Dynamics
Lagrange's equations of motion [23-24] has been applied to modal techniques to
describe the vibrational modal behavior of the flexible beams. In this approach, the
deflection of a beam is represented as a infinite summation of modes. The modes are
products of two terms, one is a function of the distance along the beam and the other is a
7
function of time. Various sets of mode shapes can be chosen, however they must satisfy
~".
the geometric boundary conditions and must be possible to express any beam profile.
When the cross-sectional dimensions of the beams are small compared with the
length of the beams, the fourth-order partial difTerential equation of the given beam can be
expressed as
(2.1)
t
where, £1 is the flexural rigidity of the beam, y is deflection of flexible beam, and p is
mass per unit length. General solution ofEq(2.1) for the first beam, Yl can be expressed in
the expanded form
where,
(2.2)
'\jfT1(XI) is a vector of mode shapes, qT I(t) are generalized coordinates [25], and nl is the
appropriate number of modes for Beam #1.
The kinetic energy TI and elastic potential energy Vel for Beam #1 can be
expressed as
(2.3)
8
(2.4)
where / is the length of the flexible beams, and VI is the velocity of the first beam, given
by: vi = [SI Xl -.Yt]2. Substituting Eq.(2.2) into Eq.(2.3) and Eq.(2.4) and rearranging
where
where,
nl nl nl
2T1 =llsi +LLmlij"qliqlj-2 LPliQliSl
;=1 j=1 ;=1
nl nl
2Ve l =LL K lijqliqlj
;=1 j=1
fori=l ... nlandj'=l ... n2, , , ,
Similarly, for the Beam #2, general solution ofEq(2.1) is given by:
(2.5)
(2.6)
(2.7)
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\jr\(x1) is a vector of mode shape functions, (ll are generalized coordinates corresponding
to the mode shape functions [15], and ~ is the number of modes for Beam #2. The
kinetic energy T1 and elastic potential energy Ve2 for the second beam can also be
expressed as
where, the velocity of the second beam v2 is
and
YI(/) =\j!f(/)q I(t)
Substituting Eq.(2.11) into Eq.(2.9) and Eq.(2.1 0) results in
(2.9)
(2.10)
(2.11 )
n2 n2 nl nl nl
2T2=3hsi +hS~ +L L l71 2Uq2iq2j +2ml{'L \j!1i(/)qliSI +mlL L \j!1i(/)\jfIj(l)qlic]1j
i==1 j==1 i==1 i==1 j==1
n2 n2
-2 LP2iq2iS2 +l71If2cose2EhS2 -2/cosfhLh2iq2iSI
i==1 i==1
nl nl n2
-rtl II cos e2L \j!1i(l)QliS2 +2 cos e2L L\j!1i(l)h2jqliq2i
i==1 i==1 i==1
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(2.12)
and
n2 n2
2Ve2 =L L K2ijq21q2;
1=1 j=1
where
for i = 1, .. " nand j = 1, .. " n2.
The total kinetic energy ofthe system is given by
(2.13)
(2.14)
(2.15)
The total potential energy of the system is the sum of the elastic potential energy of the
two beams. Gravitational potential energy will be neglected because in this chapter
slewing control simulations are assumed to take place in space. Therefore
(2.16)
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Substitute the Lagrangian, L = T - V into Lagrange's equation
fior i =1 ... Jl, , (2.17)
where the state vector, Sis defined as
and
(2.18)
and qli(i = 1, "', nl) are generalized coordinates corresponding to the shape functions 'VIi
for the Beam #1. Similarly q2i(i = 1, ., " n2) and 'VZi are defined for Beam #2. The
generalized forces, Qi are the external applied force or applied torques, 1 j to the flexible
beam structure. The applied input torque, 1 is the column vector given by:
(2.19)
where 1
1
and 1z represent the applied torques for the first and second beam respectively.
Application of Lagrange's equation of motion yield the dynamic equation in matrix
form for the flexible two-beam structure in terms of state variables
Mi;+KS = 1 +!CS,~)
12
(2.20)
where ]\:1 is the generalized inertia/mass matrix, and K indicate the stiffness matrix.
f(~,~) represents a nonlinear force vector. Eq.(2.20) is highly nonlinear. The elements
of the inertia matrix are themselves functions of the generalized coordinates and vary with
the changing of the beam angles and cross-products between the generalized velocities.
The symmetry inertia matrix M in Eq.(2.20) is given by:
M=
411P tm l Ppc82 -m1b-vi(l)-pi
tml[2e82 hP -tml l\vi(l)c82
-m I/'Vi(l) - pi -tm 11'Vi(l)e82 m I'l.jfl (l)'\jfi(l) +m IJ2I I
T T . T
-lh2e82 -p2 'VI (l)h 2e82
-lhIe82
-pI
'VI (l)hIe8 2
ml J2I2
(2.21)
1\ 1\
where II and 12 are 11 I X 11 I and 112 x 112 identity matrices, respectively and lZj and 112
are the numbers of the modes for flexible beams #1 and #2, respectively. The stiffuess
matrix K is defined by
where" denote the second derivative with respect to x.
The nonlinear force vector is
13
(2.22)
(2.23)
(224)
wheli.~
(2.25)
To make a closed-loop control system, the actuator dynamics and output
measurement equations must be included in Eq.(2.20). Assume the actuators for the
feedback control are the DC motors driving through two idler gear boxes and two pairs
of circular gears for transmitting the motor torques to the beams [20]. Actuator dynamic
equation with step-down gear box has been derived in[20].
(2.26)
where J
m
denotes the motor inertia; Cv denotes the viscous drag coefficient; K t denotes the
motor torque constant; Kb denotes the back-emf constant; Ra denotes the armature
resistance; 81 denotes output motor angle; ea denotes the applied voltage for the armature;
and 't a denotes the available torque from the motor shaft. The available torque 't a in
14
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"
Eq.(2.28) is transformed to 1 I' driving input torque to the system, through the step-down
gear so that
(2.27)
\
\
where Np is the step-down gear ratio. Substituting Eq.(2.29) into Eq.(2.28), the input
torque to the system '( i is defined by
for i = 1,2. (2.28)
where the motor parameters are defined in Table 1. The above Eq.(2.28) gives the
appropriate torques for slewing the beam for an applied voltages ea , which are determined
through the output feedback control gain that is to be determined in the next chapter.
The output measurement equation relates the output voltages and the sensors.
Assume a rotary potentiometer is used to measure the rotational angle of each of the two
beams. There potentiometers are located at the rotational center of the beams. Angular
velocities are measured by the tachometers which are also located at the rotational center
of each of the beams. Strain gages are employed to sense the bending moment of the two
flexible beams. Two strain gages are provided for each flexible beam and are positioned
at X
a
and xb. Denote cp1 and cp2 as the conversion factors between the beam root angles 81
,8
2
and output voltages ep1 ' ep2 respectively; ctl and ct2 as the conversion factors between
15
Table 1. Beam Motor and Sensor Conversion Parameters
1. Beam Motor Parameters
Beam #1
~l =0.326 NmJAmp
~l =4 Ohm
Npl = 1
C
vl = 0.0
Kbl = 0.0346 Volt-sec/rad
Jm1 = 4.7 e-6 kg_m2
2. Sensor Conversion Parameters
Beam #2
K t2 =0.07 NmJAmp
R
a2 = 1.1 Ohm
N = 1p2
C
v2 = 0.0
Kb2 = 0.0092 Volt-sec/rad
J
m2 = 2.3 e-6 kg_m
2
Beam #1 Beam #2
Cpl = 0.7881 V/deg. Cpl :::::; 0.7881 V/deg.
Ctl =2.3 V/rad Ca =2.3 V/rad
C =4092 Vim C< =4092 Vim
'.<
the beam angular velocities and output voltages ell ,e12 respectively; csl and cs2 as the
conversion factor between the strain and output voltages eOI ,e02 respectively. Then, the
output measurement equation is given by:
16
n -2I
where
Cf = Diag[cpl, Cp2, Cel , 0, .. ',0, Cd, 0, .. ',0, Cel, Cr2, 0, .. ·0],
\ " \ I '---r---'
(2.29)
[
a2't'JI ( )
2 Xa ,
Cd = CsJ a~1
't'JI ( )a7" Xb ,
I
a2't'ln ( ) 12 Xaa~, , fori=1,2~(X )ax2 b
I
(2.30)
where t is the half thickness of the beams. Details of the sensor conversion parameters
are shown in Table 1 [20].
Substituting Eq.(2.28) and Eq.(2.29) into Eq.(2.20) yields
where
17
(2.31 )
13= o
o
Kr 1
-- ,
RD1Np1
(2.32)
To be able to apply the time-domain control design algorithm, the dynamic model
equations described by Eq.(2.31) have to be modified and rewritten in first order
state-space form
(2.33)
where
- [0 I]A= -M-1K _1\1-1(:
(2.34)
and 0 is a (2+nl +n2)x(2+nl +n2) zero matrix; I is a (2+111 +n2)x(2+nl +n2)
identity matrix, and 01 is a (2+n1+nJ zero column vector.
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2.3 Control Scheme
A Linear Quadratic Regulator (LQR) as a controller will be now employed to
provide a stable closed-loop control system in the slewing of the beams. LQR is a
controller which is relatively easy to employ and very desirable for implementation into
real applications. It is a controller based on optimal controls where in the output
feedback gain matrix G is determined from the minimization of a quadratic performance
function J. To apply the LQR algorithm, the dynamic system is assumed to be a linear
system in state space form. Therefore the Eq. (2.34) has to be linearized by neglecting
the nonlinear force term f(~,~) and be transformed into a system of the first order state
space representation:
(2.35)
where
Ea =-Ge =-GCj£=-Gc:,
(2.36)
The control criteria for this LQR problem is to minimize a quadratic performance index
(2.37)
where
(2.38)
19
where Q and R represent the respective weight matrices of different states and control
channels. The main design parameters are Q and R. Q should be symmetric positive
semidefinite (Q ~ 0) and R be symmetric positive definite (R>O). The output feedback
gains can be determined by
(2.39)
where P is positive definite solution of the algebraic Riccati equation (ARE)
(2.40)
The weighting matrices, R and Q, and the corresponding output feedback gain
matrix are presented in Table 2.
2.4 Simulations on Slewing Control of a Flexible Two-Beam Structure in Space
Simulation results of 30-degree slewing maneuvers implemented for a flexible
two-beam structure in space are presented in this section. Theoretically the number of
generalized coordinates is infinite. However, only a few generalized coordinates need can
be used to obtain acceptable results. Only two vibration modes for each flexible beam
have been used. The parameters of flexible two-beam are shown in Table 3. The first
two natural frequencies of the beams are given in Table 4. MATLAB software package
was used for solving the ordinary differential equations given in Eq.(2.33) and to solve for
the output feedback gain matrix G in Section 2.3 from the algebraic Riccati equation.
20
Iablc 2. Weighting anel O\ltO\lt Feed Bade Gnin Matrie::;','!,
fuLFkl(ible TWQ-B~am in Space
1. Weighting Matrices
a) State Weighting matrix Q :
Q = diag[ 250 100 10 10 10 10250 100 10 10 10 10]
b) Input Weighting Matrix R :
R = diag[ 500 500 ]
2. Output Feed Back Gain Matrix
G=[ 0.6184 0.0480 -0.3469 0.4409 -0.7924 -0.0750
. -0.0759 0.3911 0.8193 -0.4480 -0.0659 0.0353
3.8387 0.7571 -2.2971 1.9294 -0.7198 -0.3917 ]
0.3814 1.7465 -0.4632 0.5123 -0.6032 -0.0223
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Table 3. Beam Parameters
Parameters Beam #1 Beam #2
Length I m 0.76 0.76
Str"jn Gage Location #1 IS l m 0 0
Strain Gage Location #2 IS2 m 0.21 0.21
Flexural Rigidity £1 Nm2 0.71 0.71
Thickness t m 0.00041 0.00041
Density p kg/m 0.1476 0.1476
Table 4. Natural FreQuencies of Flexible Two-Beam inS~
Mode
1st mode
2nd mode
Beam #1
13.35 (rad/s)
83.67 (rad/s)
22
Beam #2
13.35 (rad/s)
83.67(rad/s)
Simulations results are shown in Fig.(2.2)-Fig(2.9). These will be compared with
the simulation results in the presence of a suspension system, without and with static
deflections of the flexible beams due by gravitational effects. Such comparisons pennit an
understanding of the feasibility of the suspension system as to its suitability in the
ground-based validation testing of flexible space structures. Fig.(2.2) and Fig.(2.3) show
a 30-degree slewing in 15 seconds for flexible two-beam structure in space. Except the
early stage of the slew, root angles of Beam #1 and #2 are controlled at almost the same
phase. The vibration control ;of beams during slew has been very effective so that
vibrations of Beam #1 and #2 are not visible on the graph. Angular velocities of flexible
two-beam are shown in Fig.(2.4) and Fig.(2.5). The angular velocities ofBeam #1 and #2
drop rapidly for 1.5 sec and then recover steadily up to zero velocity. Magnitudes of the
deflections of flexible beams for the first and the second mode are presented in Fig.(2.6)
through Fig.(2.9). The magnitude of 1st mode ofBeam #1 and #2 diminished gradually to
zero. While the magnitude of 2nd mode of Beam #1 and #2 decrease slowly than 1st
mode. Fig(2.7) and Fig.(2.9) show that the 2nd mode vibrations remain longer time than
the 1sst mode vibration.
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Chapter 3
SIMULATIONS ON SLEWING CONTROL OF A SUSPENSION
SYSTEl\1 WITH A FLEXIBLE T\VO-BEAM STRUCTURE
Simulation of the slewing of a flexible two-beam system in space, in the absence of
gravity, was discussed in the previous chapter. In this chapter, a simulation of the
ground-based slewing maneuver of a flexible space structure will be discussed. A
suspension system will be employed to simulate the space environment by suspending the
weight of the flexible structure. Gravitational effects on the suspension system as well as
the flexible beams will be included in the mathematical modeling. Many kinds of
suspension devices has been used to validate the flexible space structures on the
ground-based simulations, such as long-cable, air pads, pneumatic/electric device, and
springs[1-8]. A suspension system based on a concatenation of four-bar mechanisms with
two springs will be investigated for this ground-based simulation, which will be
implemented under two configuration of the flexible two-beam structure. The first
configuration in deriving the equation of motion of the suspension system is neglecting the
static deflections in the two flexible beams due to gravity. The second configuration
includes the static deflections of the two flexible beams due to gravity. The same motor
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dynamic cquations and thc output measurcment equation from Chap. 2 are cmploycd to
implement the numerical simulation:; of these systems.
3.1 No Gravitational Deflection on the B2ams
In this section, static deflections of the flexible two-beams due to gravity are
neglected in the derivation of the dynamic equation of motion; the static configuration of
the flexible two-beam structure is considered straight. Displacements along the two
flexible beams are described only by the displacements due to the vibrations of two flexible
beams during the slewing. The gravitational-potential energy terms of the suspension
systems and the flexible two-beam structure will be included in the dynamic equation of
the system. The potential energies stored in the spring are also be included in the
derivation of the dynamic equations of motion.
3.1.1 Concept of the Suspension System
The suspension system for the flexible two-beam structure, shown in Fig. 3.1
consists of a double four-bar mechanism supported by two zero free-length springs. The
links, L I , L2 and L3 form a parallelogram and the links, L3 ' L4 , L5 and L6 form another
parallelogram. The links, LI and L4 form the flexible two-beam structure as described in
Chap. 2, connected by a revolute joint with a test article attached at the end of beam L4.
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Fig. 3.1 : Suspension System With a Flexible Two-Beam Structure
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A spring, SI is attached between global frame, Y-axis and link L2 while the spring
..'12 is attached between links L3 and LS' The springs are specially designed to
counterbalance the moments exerted by the weights of the links of the structure at any
vertical position so that the suspension system is capable of keeping in static equilibrium at
any vertical position. The spring constant, k} of the spring SI is determined by equating
the torque exerted by the spring force and summation of moments of the weights of links
about the joint #1. Assume the weights W4 , Ws and W6 of the links, L4 , Ls and L6
respectively are applied at the end of link L1• Then the moment equilibrium equation is
given by
where F
s
is the spring force, ~} is the angle between link L2 and spring 81' and 81 is the
angle between link L1 and the X-axis. I) and 12 are lengths of link L1 and L2 , respectively.
1
6
is the distance of the spring attachment on the link L2 with respect to the joint. Let the
static length of the spring as 10 , then the spring force, Fs is given by
(3.2)
where 1
7
is extended length of the spring S}. Substitute Eq.(3.2) into Eq.(3.1) yields
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From the law of sines
(3.4)
where /5 is the distance of the spring attachment on Y-axis. Substitute Eq.(3.4) into
Eq.(3.3) and solving for k}
Eq. (3.5) shows that the spring constant is a function of 8) , that is k1 varies with the
position of the system and is not a constant. This is unrealistic for a spring constant. Now
apply a zero free-length assumption [8], i.e., set static spring length, 10 to zero. Then
Eq.(3.5) reduces to:
(3.6)
Spring constant k) is now a constant and is independent of the position of the suspension
system. The values of attachment distances, 15 and 16 are important parameters in the
behavior of the suspension system.
By a similar procedure, the spnng constant k2 can also be determined. The
moment equilibrium equation is given by:
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(3.7)
where ¢2 is the angle between link L4 and spring 52 and 82is th~ angle between link L4 and
the xl-axis. 14 and III are lengths of link L4 and Ls , respectively. 18 is the distance of the
spring attachment on the link L4 with respect to the joint. Using the same procedure for
determining k} , the static constant k2 is
(3.8)
Eq.(3.8) shows that the spring constant k2 is also independent of the position of the
suspension system and is a function only of the suspension system parameters.
3.1.2 System Dynamics
Dynamic equations of the suspension system with a flexible two-beam structure
has previously been derived with the assumption that the suspending links, L2, L3, Ls and
L6 in Fig 3.1 are rigid structures. Only two suspended links, II and L4 are considered as
flexible beams. Lagrange's equation of motion can also be applied to determine the
dynamic equations of motion of the system. The kinetic energy equations and elastic
potential energy equations of the flexible two beam structures has been discussed in
Chap.2, and can again be used for this sllspension system. The gravitational potential
37
energy terms for all the links and the kinetic energy terms for the additional links should be
included in deriving the dynamic equation of motion of this system. The coordinate
systems are used as in Chap. 2.
The kinetic energy TI of the link LI is defined in Eq.(2.5). The kinetic energy 1~
of the link L2 can be expressed as
(3.9)
where right-hand side terms are translational and rotational kinetic energies with respect to
the center of mass of the link, L2. m2 is the mass, v2 is the velocity, 12 is moment of inertia
about its center of gravity and 81 is angular velocity of the link, L2. These are given by:
Yl (/1, t) =\jff(/1 )i]1 (t)
Substitute Eq.(3.10) into Eq.(3.9) and rearranging:
(3.10)
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The link L3 only possesses translational motion so that the kinetic energy, l~ can be
defined as:
where 1113 is mass oflink L3. Substituting Eq.(3.10) into Eq.(3.12) and rearranging
nt nl nl
2T3= 1113l~8~ +1113,L. :~>jfli(l J)'\jf lj(l 1)qliqlj - 2m3l1~'>fli(lJ)qli81
;=1 j=1 ;=1
(3.12)
(3.13)
Kinetic energy T4 of the link L4 is the same as that defined in Eq.(2.9) and Eq.(2.). Link
Ls has both translational and rotational motions so the kinetic energy Ts can be determined
similar to link L2 and is given by:
(3.14)
where ms is mass, Vs is the velocity, Is is moment of inertia about its center of gravity and
82 is angular velocity of the link, Ls' These parameters are given by:
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where C82 = cos 82 . Substitute Eq.(3.15) into Eq.(3.14) and rearranging
nj • 1 n2 n2
-2msI IL 'V Ii (l1 )q Ii 81+3msLL 'V2i(l4 )'V2J{I4)q2iq2j
1=1 1=1)=1
nl n2
+ms (lI I48182 +~L 'Vii (11 )'V2j(l4 )qIiq2j
i=1 j=1
n2 nl
-11L 'V2i(l4 )q2i Eh -I4~ 'VIi(l1 )q Ii82)c82
i=1 i=1
The kinetic energy T6 of link L6 can be expressed as
where m6 is mass of link L6 and
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(3.15)
(3.16)
(3.17)
Substitute Eq.(3.18) into Eq.(3.17), T6 becomes
nl n2 n2
-
2m6/ 1L ljIli(l1 )qli8 1 +m6LL \j!2i(l4 )\j!2/(l4 )q2iq2/
bl bl~1
nl n2
+2m6(l1/48182 +L L \j!li(l1 )\j!2j(l4 )qliq2/
i=l/=l
n2 nl
-11L \j!2i(l4)q2i81 -/4L ljIli(l1 )qli82)c82
i=1 i=1
Then the total kinetic energy of suspension system is given by
6
T=LTi
i=1
(3.19)
(3.20)
Since the suspension system is used for ground-based testing, so the potential
energy terms of each links by the effect of gravity should be considered when deriving the
equations of motion for the suspension system. The potential energies stored in springs
should also be considered in the total potential energy equation. The elastic potential
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energies arc also stored in the two llcxible links, 1-
1
and L.\ since other suspension links arc
assumed as rigid links.
The vertical position of the points on the link L
1
relative to the global coordinate
frame is given by
(3.21 )
where s8 1 = sin 81 and e8 1 = cos 81 . The gravitational potential energy Vg1 of the link LI
about the global coordinate frame is the integral of the product of mass per unit length and
vertical height over the length of the link, so that:
(3.22)
where m1 = pi!, P is mass per unit length of the links and g is acceleration due to gravity.
For the links L2 and L3 , the gravitational potential energy equations, Vg2 and Vg3 are
given respectively by:
nl
Vg3=m3gi1s81+m3gce1~>jfli(lt)qli
i=l
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(3.23)
(3.24)
The vertical height of points on the link 1..\ relative to the global coordinate frame is given
by
"l "2
h2(X2, t) = Ils8 1-I- L>~I/(ldqllc8IX2S(81 -I- 82 )+ :l>.Jf2/(X2)q2/C(81 + 82 ) (3.25)
i=1 /=1
The gravitational potential energy Vg4 of link L4 about the global coordinate frame is
integral of the product of mass per unit length and vertical height over the length of the
link.
I III 112
Vg4= f 4 pg(l1s81 + L\jfli(l1)QliC81 +x2s(81 +0 2)+ L\jf2i(X2)Q2iC(81 + 82))dt"2
o b1 ~
(3.26)
The gravitational potential energies, Vs and Vg6 for the links, Ls and L6 , respectively are
given by:
11\ III
Vg6=m6g(l1s81 + L\jfli(h)QliC8 1+l4S (81 +8 2 )+ L\jf2i(l4)Q2iC(81 +82 )) (3.28)
i=1 i=1
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The potential energies stored in the springs arc functions of spring constants and
the change in the spring length relative to the static length. However, the springs used in
the suspension system has zero free-length as mentioned in previous section. The installed
length of the springs can be expressed using the cosine rule:
(3.29)
where xs1 is installed length of spring #1 and xs2 is installed length of spring #2. The
potential energies, VS1 and VS2 for spring #1 and #2 are respectively
(3.30)
(3.31)
In actuality the angles are not equal to 81 and 82 ,because the angles are changed by the
vibration of flexible link. However the changes in the angle due to vibration are negligible
compared with the angles 81 and 82, So Eq.(3.30) and Eq.(3.31) can be used with
minimal error. The elastic potential energy equations in Chap. 2, Eq.(2.6) and Eq.(2.10)
are used for the flexible two-link suspension system. The total potential energy is given by
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6 2
V= L r:1{1 +LU;:\j + Ve))
1=1 J=l
Now applying Lagrangian, L = 7' - V into the Lagrange's equation
d aL aLdt[-' ] - a'i: = Qi, for i = 1,"', n.
aSi ':,1
where the state vector, Sbe defined as
and
(332)
(333)
(3.34)
where qli(i = 1, .. " nl) are generalized coordinates corresponding to the shape functions
'\jf Ii for the first beam. Similarly q2i(i =1, .. " n2) and '\jf 2i are defined for the second
beam.
The generalized forces, Qi are the external, applied torques to the flexible beam structure.
The applied input torque, t is a column vector given by:
t = [tl, t2, 0"", of
\ J
where 1 1 and 1 2 represent the applied torques for Beams #1 and #2, respectively.
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(3.35)
Application of the Lagrange's equation of motion yield an equation similar in form
to Eq.(2.23). The dynamic equation in matrix form for the suspension system with a
flexible two-beam structure in terms of state variables is therefore given by:
.. .
MS +KS = '( +f(s, S) (3.36)
where M is the generalized inertia/mass matrix, K is the stiffness matrix, while reS, s)
represents a nonlinear force vector. The elements of M and ! matrices are specified in
Appendix C. The matrix K and applied torque vector '( have the same form as that in
Eq.(2.22) and Eq.(2.24), respectively. Gravitational effect is the most significant
non-linear factor in ground-based simulation so that the equations of motion Eq(3 .36) for
the suspension systemx is more complex than the equations of motion for the flexible
two-beam system in space. The elements of the inertia matrix are themselves functions of
the generalized coordinates and they vary with the changing of the beam angles and the
cross-products between the generalized velocities. Since the parameters for the actuators
and output measurements are the same as those Chapter 2, the actuator dynamic equation
Eq.(2.28) and output measurement equation Eq.(2.29) can similarly be employed to
simulate the suspension system. Therefore the equations of motion for the suspension
system can be modified into a similar matrix form as Eq.(2.32)
M~+C~+KS = BEa(t) +!(s,~)
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(3.37)
where M, C, and n are defined in Eq.(2.33). To be able to apply the time-domain
control design algorithm, the dynamic model equations described by Eq. (3.37) have to be
rewritten in a first order state-space form:
(3.38)
where A, Band F are defined in Eq.(2.35).
The Linear Quadratic Regulator(LQR) controller used in section 2.3 is also applicable for
the closed-loop control of this suspension system. The weighting matrices R and Q, and
corresponding the output feedback gain matrix G are presented in Table 5.
3.1.3 Simulations on Slewing Control of a Suspension System
without Static Deflections of Flexible Beams due to Gravity
Simulation results for a 30-degree slewing maneuver implemented for the
suspension system with a flexible two-beam structure without beam deflections due to
gravity, are presented in this section. Two vibration modes for each beam are used. The
length, flexural rigidity and density of each of the links have the same values and those
specified in Table 3, Chapter 2. The first two natural frequencies are also given in Table
6. It should be noted that the suspension links modify the natural frequencies of th~
flexible two-link structure system so natural frequencies of the flexible two link have to be
re-calculated in this case. To calculate the natural frequencies of flexible links, the effects
oftbe mass of the suspension links are transformed to the equivalent masses located at the
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Tabl~ 5. \V;:ighting and Output Feed Back Gain lVI~
for Suspension System
without Deflections due to Grayity
1. Weighting Matrices
a) State Weighting matrix Q :
Q = diag[ 250 100 10 10 10 10250 100 10 10 10 10]
b) Input Weighting Matrix R :
R = diag[ 500 500 ]
2. Output Feed Back Gain Matrix
G= [ 0.7891 0.0305 -0.1651 0.0546 -0.2312 -0.2218
-0.0483 0.4991 0.0877 0.1839 -0.0177 0.0396
2.3259 0.4920 -0.7780 0.3796 -0.4301 0.0043 ]
0.5119 1.2466 -0.1680 0.0831 -0.4401 0.2468
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end of each flexible beam Therefore
(3.39)
where T
mcq is kinetic energy of equivalent mass, T2 and T3 denotes the kinetic energies of
suspension links L2 and L 3, respectively. Therefore:
(3.40)
and
(3.41 )
Simulation results are shown in Fig.(3.2)-Fig.(3.9). Figures (3.2) and Fig.(3.3)
compares root angles 81 and 82 of the flexible two-beam structure in space and with a
suspension system without static beam deflections due to gravity. The results for the
flexible two-beam system in space is indicated by a solid line, while the result for the
suspension system, by a dashed line. . Root angles of the suspension system show
overshoot before asymptoting to the final angle, at zero. These overshoots are caused by
the increase in inertia due to the suspension links. Non-linearity of the dynamic equations
introduced due to gravitational effects also affect these overshoot at the root angles. At
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the beginning of the slew, the angle of Beam #1 of suspension system coincides well with
the angle of the flexible two-beam system in space. For Beam #2, the angles are deviate
from each other from the very beginning of slewing. At the beginning of the slew, the root
angle of Beam #1 of the suspension system is coincide with the root angle of Beam #1 of
flexible two-beam structure in space, but the situation at the end point of Beam #1 for two
systems are quite different. When torque is applied to Beam #1 in the presence of a
suspension system, the flexible beam bents because the end of beam is restricted by the
inertia of the suspension links. Then the root angle of Beam #2 of suspension system
increases relatively rapidly. This flexibility cause early deviation of root angle of Beam #2
in the presence of suspension system. Oscillations in the graphs at early stage of the slew
maneuver denote vibrations of flexible beams during slewing. These oscillations diminish
rapidly with feed back.
Table 6. Natural Frequencies of the Plexible Two-Beam
for Suspension System
without and with Deflections due to Gravity
Mode
1st mode
2nd mode
Beam #1
54.96 rad/s
484.49 rad/s
50
Beam #2
54.96 rad/s
484.49 rad/s
In Fig.(3.4) and Fig.(3.5), the angular velocities of the suspension system vibrate
with a higher amplitude and higher frequency then that for a tlexible two-beam structure in
space. The natural frequencies of Beam #1 for the suspension system is 4.1 times greater
for 1st mode and 5.8 times greater for 2nd mode than those of a flexible two-beam
structure in space. Figures (3.6) through (3.9) show the magnitude of flexible beams
mode shape for the first and the second mode, respectively. High amplitude and high
frequency vibrations diminish over time but the magnitudes do not asymptote to zero.
These errors can be reduced by modifying the state weighting matrix Q.
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Fig. 3.4: Angular Velocity ofBeam #1 - Suspension system without
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54
Flexible Two-Beam in Space
- -- - Suspension System without Static
Deflections due to Gravity
l--,_~ ~__~._ __'
0.5~-----------.----------------,-----------,
I-'I'J'V'VV..,,,...., ..... ------ ..... ----------- ---
-0.5L..----------'--------------'-----------'
o 5 10 15
Time (s)
Fig. 3.5: Angular Velocity of Beam #2 - Suspension system without
Static Deflection due to Gravity
55
: Flexible Two-Beam in Space
.: Suspension System without Static
Deflections due to Gravity
x 10-35,.----------,.---------,..----------,
-20 L- -'-----------L-----------L-----------J
o 5 10 15
Time (8)
Fig. 3.6: Magnitude of Flexible Beam #lIst mode- Suspension system
without Static Deflection due to Gravity
56
: Flexible Two-Beam in Space
_ - - Suspension System without Static
Deflections due to Gravity
x 10-31.5.-----------,--------------,---------
~
=I:t: 0.5
E
co
Q)
CO
-1 L-- ~ __l_ ......J
o 5 10 15
Time (s)
Fig. 3.7: Magnitude ofFlexible Beam #1 2nd mode- Suspension system
without Static Deflection due to Gravity
57
: Flexible Two-Beam in Space
- - - .: Suspension System without Static
Deflections due to Gravity
x 10-36~~------'--------"'--------'
-120l--------...lsL---------J10=------~---:-'1S
Time (8)
Fig. 3.8: Magnitude ofFlexible Beam #2 1st mode- Suspension system
without Static Deflection due to Gravity
58
: Flexible Two-Beam in Space
- - - .: Suspension System without Static
Deflections due to Gravity
x 10-4
8,..----------....,--------~,----------,
_8L----------...l.-' --------....L.'---------
o 5 10 15
Time (8)
Fig. 3.9: Magnitude of Flexible Beam #2 2nd mode- Suspension system
without Static Deflection due to Gravity
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3.2 With Static Deflections of a Flexible Beams due to Gravity
Ac~ual static configuration of the flexible two-beam structure on the ground is
complicated by the deflection of the beams due to gravity. These deflections of the
flexible beams may cause changes in the dynamics of suspension system. In this chapter,
these static beam deflections are incorporated into the model to arrive at derive at a more
realistic dynamic model of the suspension system.
3.2.1 COT'cepts of Suspension System
The structure of suspension system is similar to that in Fig. 3.1 in the previous
chapter except for the deflected configurations of the two flexible beams. The deflected
configurations changes according to the vertical position of the flexible beams relative to
the global coordinates. A description of the beam deflections is shown in Fig. 3.10. At a
given angle 8 1 ' the force applied to the beam by its weight can be divided into two
components, longitudinal and normal force components. The deflection due to the
longitudinal force component can be neglected, because this deflection is small compared
with the deflection caused by the normal force component. Boundary conditions are
applied to arrive at the deflection equation based on a fixed-fixed end condition of the
beam.
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yDeflected configuration by
Normal Directional Force
w
Fig. 3-10 : Description ofthe Beam Deflection
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The deflection equation of the beam by the normal directional force is derived
using the Moment-Curvature Relation of a beam [26] under the fixed-fIxed boundary
condition. They are given by:
(3.42)
(3.43)
where w j and w2 are deflections of flexible beams LI and L4 respectively, El is the flexural
rigidity of the beams and p is the mass/unit length of the beams.
3.2.2 System Dynamics
Before applying Lagrange's equation of motion, energy tenus should be modified
due to the addition of the static deflection terms. Then the displacement of the flexible
beam LI along the deformed configuration may be described as:
(3.44)
where YI is expressed in Eq.(2.2). The kinetic energy T1 of the link L I becomes
./
62
where
WI = 24~/-pxi +2pl1X~ -plixi)s8 181
Substitute Eq.(3.46) into Eq.(3.45) and arrange:
nl nl nl
2T1=I8i +LLmuJCfuQlj-2 'LP uQu81 +pW1sin2818i
;=1 j=l ;=1
nl
-2pW2sin8 18i +2p :LWuq1;sin8 181
;=1
where I , m1ij , Pli are defined in Eq.(2.7) and
63
(3.45)
(3.46)
(3.47)
(3.48)
Since the static deflection due to gravity changes the configuration or tlexible beams, both
the clastic potential energy and gravitational potential energy mllst be modified by the
gravitational deflections of the flexible links. The elastic potential energy Vel of flexible
link L) becomes
nl nl 1 nl
= L L Klijqliqlj + 2'K I cos281 +L:K liqliCOS 81
1=1J=1 I-I
where
K li =f EI(a2~li )(a2~1)dx1
o aXI aXI
and the gravitation potential energy Vg1 can be obtained from modifying Eq.(3.21) :
1 n\
Vg I = fal pg(sin 81xI + cos 81(~\jJ'li(XJ)qll +WI)dx1
(3.49)
(3.50)
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For the second flexible beam L4 , the displacement along the link is expressed as
(3.52)
The kinetic energy T4 can be obtained from Eq.(2.9) and Eq.(2.11) by substituting Y2 with
h, in Eq.(3.52).
nl nl nl nl nl
2T4 = 311s1 +he~ +L r. m2ijq2iq2j + 2m ItL 'Vli (l)q liS 1+miL L'Vli(lWlj(l)qliqlj
i=1 j=1 i=1 i=1 j=1
nl n2
-2 "LP2iq2A2 +mI/2S1S2COS 82- 21'Lh2iq2iSI cos 82
i=1 i=1
nl nl nl
-m 11 cos 82"L \)fli(l)QliS2 + 2cos 82L 2: 'Vli (l)h 2jQliQ2i
i=1 i=1 i=1
nl
+2p(81 +(2)2:W2iQ2isin(81 +82)-2p/l Wl(SI +(2)SICos82sin(81 +82)
i=1
nl
+2pW1(SI +(2)~>Vli(ldqlicos82sin(81 +82)
i=1
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(3.53)
where
The elastic potential energy Ve4 can be obtained using a similar method for Beam #1
= JI2 EI(02'\jf2i .+02W2 )2dx~ 2 qll ~ 2 2
o OX2 oX2
(3.54)
n2 n2 1 n2
=L L K2ijq2iq2j +2"K2cos2(81 +82) +LK2iq2icos(81 +82) (3.55)
i=I;=1 i-I
where K2ij is defined in Eq.(2.11) and
K . = Ji EI(02'\jf2i )(02W2 )dx
21 0 ~2 :'12 2OX2 OX2
(3.56)
The vertical position of points along the flexible beam L4 relative to the global coordinate
in the absence of static deflections have been presented in Chapter 2. Similarly the vertical
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position of points along the flexible beam with static deflections under gravity arc given
by:
nl
17 2(X2, t) =,1sin 81 +L 'ljfli(lt}ql,COS 81 +x2 sin(8 1+82)
;=1
n2
+L('ljf2;(X2 )q2; +W2 )cos(8 1+ 82)
;=1
The gravitational potential energy Vg4 becomes
I n\
Vg4 = L2 pg(llsin81 + ~'ljfli(ll)qliCOSSI +x2sin(SI +82)
n2
+L('ljf2;(X2)q2; +W2)COS(81 + 82)~2
;=1
(3.57)
where h2i is given in Eq.(2.11).
Equations (3.47), (3.49), (3.51), (3.53), (3.55), and (3.58) can be substituted into
Eq.(3.20) and Eq.(3.32) to obtain the Lagrangian L. Other energy terms in Eq.(3.20) and
Eq.(3.32) remain the same with and without gravitational deflections of flexible beams.
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Application of the Lagrange's equation of motion to Eq.(3.33) yield the equation for the
dynamic model of the suspension system with flexible links deflections due to gravity. The
matrix form of dynamic equations of motion in terms of state variables are
MS + KS =1: +j(s, S) (3.59)
where M is the generalized inertia/mass matrix, and K indicates the stiffuess matrix. The
elements of M matrix are specified in Appendix C. The state vector S is defined in
Eq.(3.34). reS,S) represent a non-linear force vector, and the elements are specified in
Appendix C. The K matrix and applied torque 1: vector have the same form as specified
in Eq.(2.25) and Eq.(2.28), respectively. The static deflections of flexible links increase
the non-linearity of the dynamic equations of motion over those without static beam
deflection. Since the actuators and output measurements are same as those in Chapter 2,
the actuator dynamic equation Eq.(2.28) and output measurement equation Eq.(2.29) can
be ~sed to simulate the current suspension system. Therefore the equations of motion for
the suspension system can be modified to:
M~+C~+KS = BEa(t) +j(S,~) (3.60)
where M, C, and B are defined in Eq.(2.33). To apply the time-domain control design,
the dynamic model equations described by Eq.(3.37) have to be modified to a first order
state-space form:
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(3.61)
where A, Band F are defined in Eq.(2,35).
Linear Quadratic Regulator (LQR) design method discussed in Section 2.3 is
applied to provide a closed-loop control system for the suspension system. The
weighting matrices Rand Q, and corresponding the output feedback gain matrix G are
given in Table 7.
3.2.3 Simulations on Slewing Control of a Sus:>ension System
with Deflections of a Flexible Beams due to Gravity
System parameters such as the dimensions of the suspension system, flexural
rigidity of the links are same as those used in Section 3.1. Two vibration modes are used
and the natural frequencies used are same as those in Table 6 because static deflections do
not change the nature of frequencies of the beams.. Simulations of a 3D-degree slewing
maneuver implemented for this suspension system with static deflections of flexible
two-beam due to gravity will be presented to compare the simulation results for all three
systems.
Fig.(3.1l) and Fig.(3.12) show the controlled root angles of the first and second
beams during the slewing of the flexible two-beam system in space, suspension system
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Table 7. Wei2hting and Output Feed Back Gain Matrices
for Suspension System with Static Deflections
of Flexible Beams due to Grayity
1. Weighting Matrices
a) State Weighting matrix Q :
Q = diag[ 250 100 10 10 10 10250 100 10 10 10 10]
b) Input Weighting Matrix R :
R = diag[ 500 500 ]
2. Output Feed Back Gain Matrix
G= [ 0.6219 0.0242 0.0333 -0.0871 -0.8598 -1.5196
-0.0383 03933 0.5997 1.3522 0.3320 -0.0350
2.6746 0.3710 -0.4722 0.2155 -0.3269 -0.0195 ]
0.2680 1.5471 -0.1236 0.0090 -0.1836 0.1185
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without static deflections of flexible beams due to gravity, and with a suspension system
with static deflections of flexible beams due to gravity. Solid lines indicate the angle for
the flexible two-beam structure in space, dashed lines for the sllspension system without
static deflections of flexible beams due to gravity, and dash-dotted lines for the suspension
system with static deflections of flexible beams due to gravity. Angles shown by the
dash-dotted line show a slower slewing and smaller overshoot than the dashed lines. But
the tracking errors shown by the dash-dotted lines at the end of slewing are larger than
that shown by the dashed lines. These results show that when using the same weighting
matrices, the suspension system without deflection du~ to gravity is well coincide with the
flexible two-beam structure in space at the very early stages and at the final stages of the
slew control than the suspension system with deflection due to gravity. By modifying the
state weighting matrix, these errors can be reduced. Deviations of the controlled angle of
Beam #1 between solid line and dash-dotted lines occur earlier than between solid line and
dashed line. Response delay of second angle for dash-dotted line is greater than that of
dashed iine. Due to the deflected configuration of flexible beam due to gravity, the root
angles of Beams #1 and #2 are greater than those of the other two systems.
Fig.(3.13) and Fig.(3.14) show angular velocities of Beam #1 and #2 for the three
systems. Dash-dotted lines show that the amplitude ofvibrations are reduced than dashed
line. When a beam is deflected under the fixed-fixed boundary condition, the rigidity of a
beam increase, so the amplitude are reduced than that ofdashed line.
71
Fig.(3.15) through Fig.(3.18) shows magnitude of flexible beam's mode shape for
first and second mode, respectively. Magnitudes of dash-dotted lines are smaller that
magnitude of dashed lines, respectively.
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Flexible Two-Beam in Space
Suspension System without Static
Deflections due to Gravity
Suspension System with Static
Deflections due to Gravity
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Flexible Two-Beam in Space
Suspension System without Static
Deflections due to Gravity
Suspension System with Static
Deflections due to Gravity
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: Flexible Two-Beam in Space
: ~)uspension System without Static
Deflections due to Gravity
: Suspension System with Static
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: Flexible Two-Beam in Space
- - - : Suspension System without Static
Deflections due to Gravity
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Deflections due to Gravity
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Flexible Two-Beam in Space
Suspension System without Static
Deflections due to Gravity
Suspension System with Static
Deflections due to Gravity
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with Static Deflections due to Gravity
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Flexible Two-Beam in Space
Suspension System without Static
Deflcctions due to Gravity
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with Static Deflections due to Gravity
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Chapter 4
Conclusions
A suspension system based on a concatenation of two four-bar parallelogram
linkages to simulate a zero-gravity environment for the flexible space structures on the
ground, has been developed. Two kinds of flexible beam schemes are used for each
suspension system structure, with and without static deflections of flexible beams due to
gravity. Suspension systems are presented to determine the feasibility of suspension
system for the ground-based validation testing of articulated flexible two-beam structure.
Non-linear models have been obtained for articulated flexible two-beam structure in space,
a suspension system without static deflections of flexible beams by gravity, and a
suspension system with static deflections of flexible beams by gravity by applying
Lagrange's equation of motion. Besides the flexibility of flexible beams, the addition of
gravitational effects on suspension systems, and especially for second suspension system,
the incorporation of static deflections of flexible beams constitutes the main contribution
of this work
To determine the feasibility of a suspension system, simulations of slewing control
for these three models have been investigated by using a Linear Quadratic Regulator
(LQR) controller. The simulation results of the suspension systems show rather big
differences compared with the results of the flexible two-beam structure in space. These
differences are caused by the increase of inertia force of the suspension system and the
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increase of nonlinearity due to gravity on the ground. Using this type of suspension
system to simulate the flexible space structure on the ground is restricted due to the large
increase of inertia force. Therefore, reducing the inertia force of suspension links by using
lighter and stiffer material for the suspension links may give more good results. And fine
selection of weight matrices, Rand Q in LQR controller can also give good results.
This type of suspension system can be used to suspend a long and slender ground
structure that is used to locate its end point at arbitrary positions in the vertical plane and
stand without any external forces. The control simulations of pointing the end point
position of this structure is recommended for future work.
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6. Appendices
A. System Matrices for-a Suspension System without Static Deflections due to
gravity
A.1 MasslInertia Matrix
~l'his section gives the full expression for the mass/inertia matrix in Chapter 3-1.
The symbols are as defined in Chapter 3-1.
1\1(i +2, k+ 2) =cfm l +m3)'\jfli'\jflk ,where k =2,· ··,111.
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A.2 Non-linear Force Vector
This section gives the full expression for the Non-linear force Vector in Chapter
3-1. The symbols are as defined in Chapter 3-1.
+g sinC8 1 +82 )hIq2
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B. System Matrices for Suspension System with Static Deflections due to Gravity
B.l Mass/Inertia Matrix
This section gives the full expression for the mass/inertia matrix in Chapter 3-2.
The symbols are as defined in Chapter 3-2
88
M(i +2, k+ 2) =cfm 1 +m3 )\jrll'i!lk ,where k =2", ',111.
B.2 Non-linear Force Vector
This section gives the full expression for the Non-linear force Vector in Chapter
3-2. The symbols are as defined in Chapter 3-2.
-(1.487E - 98 1sin e 1case1+4.1 06E - 68 1cos 81 )81
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'2
-1.0595E-5cos8181 -Kl1 cos8!
'2
-2.6860E-581COs81-K12COs81
90
91
April 19, 1964
Feb., 1987
1987-1993
Aug. 1993-Aug. 1995
Aug. 1995-
Vita
Born in Seoul, Korea
B.S., Yonsei University
Seoul, Korea
Design Engineer,
Hyundai Motor Company
Ulsan, Korea
Graduate Student,
Lehigh University
Supported by Hyundai Motor Company
Design Engineer,
Hyundai Motor Company
92
END
OF
TITLE
